
Meromorphic differentials,
Riemann-Roch theorem

and

Dimensions of the spaces of modular
forms.



Projective line
*
D

· As a set :

-
IP (C) : = CH [ ob

· O

· As topological space :

For R30 Up : = <ze/1zk R3

Up is a neighbourhood of a at IP'(K)

· As a Riemann surface :

We define two holomorphic charts

Miizko
Transition map :

1103 Es 1
,
11>O Yo=E



Meromorphic functions

Definition : Let X be a Riemann surface .

A meromorphic function on X is a holomorphic
function from X to IP1(K).

Notation ; The set of meromorphic functions on X

is denoted by K(X).

Proposition : &(X) is a field with respect to

pointwise addition and multiplication.



Example : Meromorphic functions on modular curves.

Let T be a congruence subgroup of SLz(]) .

= :t
.

Let f : h -> & be a meromorphic function.

Suppose that ;

·f) = f(z) for all (a)Er and zeh .

· Around each cusp <= (a) ,Sha
the Laurant expansion:

f()= (n
for some had ht so

andNot]

Then f defines a meromorphic function on X(T).



Example : ()X1)
The elliptic j-invariant is defined as

3

1728Ey(z)j(z)i =

Ex (2) - Ej(z)"zeh
Expansion around the Di

-2Miz

j(z) = e + 744 + 19688422149376024iz4
...

j : X
,
-> P(C) is a meromorphic function.

Exercise ; · j : X- -> #(C) is a biholomorphic map
show that

any meromorphic function on X-
·K(X1) = K(j)/is a rational function of j S



Non-zero weight.

Let ke X-20]
,
I be a congruence subgroup.

Suppose that fih- IP(C) is a meromorphic

function and

f (@) = (z +d)"f(z) for all

(99) ET ,
z = h

.

Then f is not well-defined on X(5).
P

hin X(r)



Meromorphic differentials.

Definition : Let UCK be an open subset .

A meromorphic differential (of degree1) on

is a symbol of the form

f(u) de

where f : U+ IP" is a meromorphic function
andI is a variable on U.

·Change of the U
,
0-two variables on1

variable
f(u) du = - (n() · Guir) · do

Notation: (U) : = [f(u) du]
the space of differential forms on U.



Operations with meromorphic differentials ;

·Addition F,
(2) du + Jz(x)dx = (f+ + fz)(u)de
- -
meromorphic meromorphic

differential differential

·Multiplication f : (52()du) = (f: -2) (n) du
Iby a function meromorphic

function



Meromorphic differentials of higher degree

Definition : Let UCK be an open subset .

A meromorphic differential of degree in
is a symbol of the form

f(us(der)"
where f : l+ IP" is a meromorphic function
andI is a variable on U.

·Change of the U
,
-two variables on

U

variable f(u)(de= - (n()) · (fu(r)) · (dot
"

&h h

Notation : - (U) : = [f(u) (des)
the space of differential forms of degree n on U.



Operations with meromorphic differentials

·Addition F.
(v) (du"+ +z(u)(del"= (f+ + fz) (n) (dee)

"

·Multiplication f : (Fz(de = If: 52) (n) (da]
"

by a function

· Multiplication
of differentials (f(u) (du)) · (fn(m) (des") =

= (ifz)(n) (daytm



Pullback

Let Un
,
U= D be open subsets, respectively,

with local coordinates U1
,
U2 , respectively .

Let 4 : U
.
-> U

2
be a holomorphic map.

The pullback map
y : 2
*

(1) -> 2
*

(11)
is defined by

4
* (f(M2)(2)") = f(4(1)( (e)"



Properties of the pullback map

· UV V (v))
-

(404)
*

= 4
*04 (4204)

*

· i : 1-V is inclusion
,

them

i*:2
*

(v) ->
* "

(V) is restriction

· 4 : V
1

-> Ve is a bijection (then also a biholomorphism,

then (4)
*

= (x* )

· If i: VitV is a surjection then s is injective.



Meromorphic differentials on a Riemann surface

Let X be a Riemann surface

Let U: Uj - Vj ,
je] be an atlas of

holomorphic charts on X.

A meromorphic differential of degreen on X

is a collection of meromorphic differentials

wjr
*

(Vj) , je]
compatible with pullbacks by transition maps :

Yij = 4
:04 4+14;

Vi
4 (wi) = Wj -V



Exercise ; Let /LCK be a lattice

and let T: = &// be a complex
torus. Let z be the standard variable on K.

Show that dz is a degree 1 differential on

T

.



Meromorphic modular forms

Definition : Let T be a congruence subgroup of SL(]) .

= it
.

A meromorphic functionf on h is a meromorphic
modular form of weight b if

·f) = (ez + d) f(z) for all (8)Er and zeh .

· Around each cusp <= (a) ,Sha
the Laurent expansion:

(z +d"f()= (n) NotT1

for some had ht so

Notation : The space of meromorphic modular forms of weight R and group T is denoted A(r).



Meromorphic differentials on a modular curve

Let T be a congruence subgroup

Proposition : Let f be a meromorphic modular

form of weight RE27 0 for congruence

subgroup T. Then the meromorphic differential f(z)(d)
**2

is invariant under the action of Ton h.

Proof : W : = f(z) (d) d : h+ h
,za

#(w) = f()(d(z)* f(z)(z +d) (z +dj2* (dz)"= w

#



Meromorphic differentials on a modular curve

h = X(i)

24(2) 2** (x(t)
f(z) (dz)* w

Proposition: For JEAc(T) there exists a unique

meromorphic differential we
**2

(X(T) such
that x

*
(w) = f(z)(dz):

Theorem : The map from Acli)
to 2

*

42(X(T)
given by f> W is an isomorphism of rector

spaces.



Proof of the proposition : Let feAx(t)

We have to defineW in local coordinates

Let PEX (5)
.

Consider the following cases ;

· P is a regular point.

it : Up + h is a local coordinate

w = (c)
*

(f(z)(dz)
*)

· P is an elliptic point

· P is a cusp



Recalli
· P is an elliptic point D = [z/1z1413

x +->um
j

~· = 0 ..
->

X(r) · p

m = ordp(t)
Let A be a generator of Stabzp(F) .

There exists a biholomorphic
map n : h -> D such that u(Az) = e241/m . u(z)

The variable q
= um is a local coordinate around P

on X (5).
1/2

We have f(z) (dz)'
*

= f (z(u))(d (u) =: F(u) (du)*
Since u is a biholomorphic map we have

ordz = zpf(z) = ordn
= 0
F(u) ·

Moreover
,
F:D + IP is meromorphic



As f(z) (dz)'* is invariant under the pullback by A,
then (u) (du)1 is invariant under u. 1

Thus (anim . 1) (d .(emu))*
2

= J(u) (dee)
and (*) (em . u) = e f(x)
The function F(u) has a Laurent expansion around u = 0

(A) F(u)= <(h) u &

no El

Equation () implies that (1) is of the form

F(u)=modmin



Now we express the form Cuilda**
in the

local coordinate q
= um

The expansion F(m) =E-modu ( (n) u
n No

implies F(u)=2 (9) ,
where is meromomorphic .

By the chain rule we have dq = muM"du.

Therefore du = tugdq
· > ki

*

[f(m) (du)2) = v12(9)mu*/ (dq)
*

: Up -> h
= imF(q) q* (dq)

"

xir



· P is a cusp
2MiZ

q = en

coordinate* 2Miz ·
local

->

zie

h

d
q = zizdz dz= gdq

(*" (f(z) (dz)*))* Edg)*
meromorphic function in a local chart

H

More details in The first course on modular forms "Section 3
.
3



Divisors on Riemann surfaces

Definition : Let X be a Riemann surface.

A divisor on X is a finite formal sum

of integer multiples of points on X

D
=I Race Not for all2,

Uc = 0 for almost all x.

The set Div(X) is the free Abelian group on the

points of X .

I Mex +In =Muc
The degree of a divisor D is deg(D) = [Nc



Divisor of a meromorphic function
Let f be a non-zero meromorphic function on X

For a point eeX

ordf(x)i =
multf(x) if f(x) = 0

-multy(e) if f(x) =
0E

O otherwise

Definition : The divisor of f is defined as

diw(f) :=Zordf(can
Semma : The map div : k(X)

*
-> Dir(X) is a homomorphism :

dir (fr . 52) = dir (51) + div/f2)
.

Lemma : For every f(((X)
*
the divisor dircf) has degree 0.

Proof : exercise
. Terminology : dirsf) is a principal divisor.



Divisor of a meromorphic differential

Let w be a meromorphic differential of degreek
on a Riemann surface X.

Let xeX be a point and let z be a local coordinate

around S .

E z(x) = 0
.

Then w has the form

w = f(z)(dz)k where f is a meromorphic function
(

I has the Laurent expansion around z = 0

f(z) =Ian S
No t T

Definition : ord
.
W = No

Lemma : The number no does not depend on a choise of local coordinate



Divisor of a meromorphic differential

Definition: Let w be a meromorphic differential

dir(w) :
=E orde (2)e

Definition : A canonical divisor on X is a divisor

of the form dir(X) where i is a nonzero element of(X)

Exercise
.

Let +
, Me Dir(X) .

Suppose that x is a

canonical divisor and M is a principal divisor.
Then X +M is also a canonical divisor



Notation: Let D=Nex be a divisor on X

we write D30 if 1
,40 for all eeX.

Let D be any divisor on X
.

Consider the following rector space :

L(D) = (f + ((X) /f = 0 or div(f) +1, o]
e(D) : = dimL(D)

Theorem (Riemann-Roch) Let X be a compact

Riemann surface of genus g. Let dir(X) be a

canonical divisor on X . Then for any divisor

D = Dir(X)

e(D) = deg(D) -

g +1 + 2(div(x) -D)



Corollary : Let X be a compact Riemann surface of genus g.
Let div(x) be a comonical divisor on X.

Let D be
any divisor on X

(a) e(dir(x)) = g
(6) deg (dir(x)) = 29-2

(c) If deg(D) < o then e(D) = 0

(d) If deg (D) > 2g- 2 then &(D) = deg (D) -g +1

Proof : (2) Suppose that f L(D)
Then div (f) + D = 0 = deg (divsf) +D)o

On the other hand : deg (divif)) = 0
, deg (D) < O

Hence deg(dirif) + D) <o



Definition : A differential w of degree n on a

Riemann surface X is holomorphic if at each

point xX there exists a local coordinate

such that w = f(z)(dz)
where f is holomorphic.

Definition : A modular form f M,
(t) is a cusp form

ifForechm,Tf has the expansiona

Si(t) is the space of cusp forms of weight K and group T.

Lemma:hoe (X (5)) =Sa(t)
Exercise : Show that dimS

,
(x(t) = g(X(5)



Proof of the Lemma :
h = X()

Suppose that wene (X (T1).
By the theorem on p . 17

**(w) = f(z)dz for some feelt) .

LeteX (5) be a regular point
x = x(z) ,

Eth
,
Stab(z F) = Sid]

.

x9

ord (w) = ordz(f(z)dz) .

f is holomorphic at Zxif and only if w if holomorphic at s.



Let yeX (5) be an elliptic point of order m .

y = M(zy) , Zyth , IStab(zy ,
F) = m.

y = M(zy) , zythq = (z -zy)mdq = m(z-zdz
1 - m

w = (*)
-

(f(z)dz) = f(z(q))m (z -zy) dq
= m

= f(z(q))qm
-

1dq
Laurent expansions nearzy and y :

f(z)dz=( - zy)dz
n- 1 mod m

w(q) = merg-1dg.
n= - 1 modm



If

ord
z =zy(f(z)dz) = no

,
no = -1 mod m

,

then

ordy (w) =-m .

This

ordy (w) = Em + m : ordzy(f(z)dz).
We observe

, thatm O if and only if No0
Thus w is holomorphic at pointy if and only if f(z)
is holomorphic at z = Zy .



Let =X (1) be cusp of width h.

Stab (0 , ) = (lon)/neTX]
q = c z dq = Eq .d

w = m
*

(f(z)dz) = cf(z(q)q'dg
Laurent expension at D :

IM

nz

f(z)dz
=Zedz ord(w) =.

W

Modular form- vanishes at so if and only if w is
holomorphic at so. => .


